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Abstract
We solve the equations of motion of a complex φ4 theory coupled to some given gauge
field background. The solutions are given in both cylindrical and spherical coordinates
and have finite energy.
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1 Introduction
The equations of motion of the Abelian Higgs model have so far resisted all attempts to
solving them analytically. These equations, on the other hand, carry some rich structures
like vortices [1] and other topological entities [2, 3]. It is, therefore, important to find some
of these classical solutions even in some very special situations.
In this note, we simplify the Abelian Higgs model by leaving out the gauge field kinetic
term. This means that the gauge field is not propagating and merely furnish a background
for the dynamical complex scalar field.
The issue now lies in conveniently choosing this gauge field background. Our approach,
in making this choice, consists in taking the complex scalar field as a given function and then
determine the gauge field. The guiding principles are solvability of the equations of motion
and a corresponding finite energy. We will look for static solutions only.
This method of proceeding is inspired from other physical problems, especially in quantum
mechanics: Suppose that one is given the time-independent Schro¨dinger equation in one
dimension and asked what is the form of the potential V (x) and energy E that accompany
a wave function of the type Ψ (x) = c exp (−α2x2) ? One, of course, finds the harmonic
oscillator potential V (x) = 2α4~2 x2/m and its ground state energy E = α2~2/m. This
programme is the essence of the Bijl-Jastrow ansatz for many-body problems [4, 5].
We know that φ4-theory, on its own, possesses the well-studied kink solution. In this
note, we consider a gauged φ4-theory and find the gauge field background that accompany
the kink solution. We examine the issue in cylindrical and spherical coordinates. In both
case we give the expression of the gauge field background as well as the corresponding energy.
2 A complex scalar field in a gauge background
The field theory we consider is given by the action
S =
∫
d4x
√−g
[
(Dµφ)
? (Dµφ)− λ
2
(
φ?φ− v2)2] . (2.1)
Here Aµ is a gauge field taken as a background in which the complex scalar field φ evolves.
The gauge covariant derivative is Dµ = ∂µ + ieAµ. We take v
2 and λ to be both positive .
The space-time indices are raised and lowered with a metric gµν and g = det gµν .
The equation of motion for the scalar field φ is
1√−g Dµ
(√−g Dµφ)+ λφ (φ?φ− v2) = 0 . (2.2)
The corresponding energy-momentum tensor is given by
Tµν =
2√−g
δS
δgµν
= (Dµφ)
? (Dνφ) + (Dνφ)
? (Dµφ)− gµν
[
(Dαφ)
? (Dαφ)− λ
2
(
φ?φ− v2)2] . (2.3)
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2.1 Static solution in cylindrical coordinates
We first use cylindrical coordinates xµ = (t , r , θ , z) for which the metric is
gµν = diag
(
1 , −1 , −r2 , −1) . (2.4)
We assume a Nielsen-Oleson [1] vortex ansa¨tze1
φ = v f (r) ei n θ ,
Aµ =
[
0 , 0 , −n
e
h (r) , 0
]
, (2.5)
where n is an integer in Z.
With these ansa¨tze, the equation of motion becomes{
d2f
dr2
− λv2f (f 2 − 1)}+{1
r
df
dr
− n2 f
r2
(1− h)2
}
= 0 . (2.6)
The energy per unit length (along the z direction) is
E =
∫ 2pi
0
dθ
∫ ∞
0
dr
√−g T00
= 2pi v2
∫ ∞
0
dr r
[(
df
dr
)2
+
n2
r2
f 2 (1− h)2 + λ
2
v2
(
f 2 − 1)2] . (2.7)
Here T00 is read from the energy-momentum tensor (2.3). The equation of motion (2.6)
corresponds to the minimum of the energy functional E (that is, δE = 0, with h(r) fixed).
Our strategy is to set each expression between the curly brackets in (2.6) to zero sepa-
rately. The vanishing of the first bracket is solved by
f (r) = tanh (α r) , α2 =
λv2
2
. (2.8)
This is the well-known kink of φ4 theory (the anti-kink corresponds to f (r) = − tanh (α r)).
Setting the second bracket to zero leads to
h (r) = 1± 1
n
√
2α r
sinh (2α r)
. (2.9)
This determines the gauge field background.
The only non-vanishing component of the gauge field strength Fµν = ∂µAν − ∂νAµ is
Fr θ = ∂r Aθ = −n
e
dh
dr
= ∓ 1
e
1
2r
√
2αr
sinh (2αr)
[
1− 2αr
tanh (2αr)
]
. (2.10)
This is represented in figure (1). The maximum of the magnetic field could be viewed as the
center of the vortex.
1The vector field with index up is Aµ =
[
0 , 0 , ne
h(r)
r2 , 0
]
.
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Figure 1: The gauge field strength Fr θ, (2.10), in cylindrical coordinates for e = ±1 and
α = 1.
Using the equation of motion (2.6) and the expression of f(r), the energy E can be
written as
E = 2pi v2
∫ ∞
0
dr
[
1
2
∂r
(
r∂r f
2
)− λ
2
v2 r
(
f 4 − 1)]
= −2pi v2α2
∫ ∞
0
dr r
[
tanh4 (αr)− 1] . (2.11)
The total derivative term does not contribute. Performing the integral we obtain
E =
2pi
3
v2
[
1
2
+ 4 ln (2)
]
. (2.12)
We recall that E here is the energy per unit length.
2.2 Static solution in spherical coordinates
The same study could be repeated in spherical coordinates xµ = (t , r , θ , ϕ) for which the
metric is
gµν = diag
(
1 , −1 , −r2 , −r2 sin2 (θ)) . (2.13)
The ansa¨tze for the complex scalar field φ and the gauge field Aµ are
φ = v f (r) ei n θ ,
Aµ =
[
0 , 0 , −n
e
, −1
e
sin (θ) h (r)
]
. (2.14)
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The equation of motion is now{
d2f
dr2
− λv2f (f 2 − 1)}+{2
r
df
dr
− 1
r2
fh2
}
= 0 . (2.15)
Requiring each bracket to vanish results in
f (r) = tanh (α r) , α2 =
λv2
2
,
h (r) = ±
√
2
√
2α r
sinh (2α r)
. (2.16)
In the case at hand, the non-vanishing components of the gauge field strength are
Fr ϕ = ∂r Aϕ = −1
e
sin(θ)
dh
dr
= ∓ 1√
2 e
sin(θ)
1
r
√
2αr
sinh (2αr)
[
1− 2αr
tanh (2αr)
]
,
Fθ ϕ = ∂θ Aϕ = ∓ 1
e
cos(θ)h(r) = ∓
√
2
e
cos(θ)
√
2αr
sinh (2αr)
, (2.17)
It can be seen that the component Fr ϕ reaches a maximum for θ = pi/2 and a very small
value of r. Away from this maximum Fr ϕ tends rapidly to zero. On the other hand, Fθ ϕ has
two extrema for θ = 0 and θ = pi at a very small value of r and goes to zero as r increases.
The corresponding energy, in the whole volume, is
E =
∫ 2pi
0
dϕ
∫ pi
0
dθ
∫ ∞
0
dr
√−g T00
= 4pi v2
∫ ∞
0
dr r2
[(
df
dr
)2
+
1
r2
f 2 h2 +
λ
2
v2
(
f 2 − 1)2] . (2.18)
The equation of motion (2.15) together with f(r) = tanh(αr) yield
E = 4pi v2
∫ ∞
0
dr
[
1
2
∂r
(
r2∂r f
2
)− λ
2
v2 r2
(
f 4 − 1)]
= −4pi v2α2
∫ ∞
0
dr r2
[
tanh4 (αr)− 1] . (2.19)
The evaluation of the integral in the expression of E involves the dilogarithm function Li2 (z)
and the final result is
E =
4pi
3
v2
α
(
1 +
pi2
3
)
. (2.20)
In reaching this result we have used the identity (see [6] for instance)
Li2 (z) = −Li2
(
1
z
)
− 1
2
ln2 (−z)− pi
2
6
(2.21)
together with the special values Li2 (0) = 0 and Li2 (−1) = −pi2/12.
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In conclusion, we have found simple static solutions to the equations of motion of a
complex scalar field moving in a gauge field background. These are given in both cylindrical
and spherical coordinates. In cylindrical coordinates, the gauge field background could be
interpreted as representing a vortex located in the (r− θ) plane. This configuration of fields
has a finite energy per unit length. Similarly, in spherical coordinates, the magnetic field is
in the form of localised lumps in the (r − θ) and (θ − ϕ) planes. In this case, the energy
available in the whole space is finite.
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